A four-parameter approximating formula,
Abstract
A four-parameter approximating formula, 1. The value of parameter a corresponds to that of the LBRF at 1 = x meter, which is t he result of integrating the basic dose spectrum due to a single scattering particle from an emitted beam for a specified angle and a specified source energy.
2. The value of parameter b corresponds to the slope of a straight line of the response function, R log vs.
x log , in the range of small distance from a source, where a single scattering particle dominates. The validity of using the four-parameter formula to interpolate the LBRF in the source-to-detector distance, in the e mitted angle, and in the energy was also ascertained. Furthermore, this formula was applied to the skyshine conical beam response function (CBRF) for a neutron and an associated secondary gamma-ray with the source energy ranged from thermal to 3 GeV. It was ascertained that the CBRF could be accurately approximated by an interpolation of the fitting parameters at an arbitrary distance and emitted cosine angle.
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I. Introduction
The radiation skyshine problem can be accurately calculated by deterministic methods or Monte Carlo methods. However, their use requires immense computations, which is unsuitable for routine skyshine calculations, or preliminary shield-design analyses. Consequently, researchers have made considerable efforts to develop simple skyshine calculation methods. Among them, there are the integral line beam response method for a collimated point source with an arbitrary energy and an arbitrary emitted angle, the integral conical beam response method for an azimuthally symmetric source, and other approximation methods. On the other hand, an attempted was made to arrange the LBRF results of Lynch et al. to make an approximation by a single-scattering calculation. Trubey 2) calculated the single-scattered flux or dose without any exponential attenuation or buildup factor in air, and showed that his results were valid to about 60 deg for a near-field calculation, where the detector is near the source. Based on Trubey's work, Kitazume 3) modified the single-scatter approximation by incorporating exponential attenuation and a Taylor-type buildup factor. The inclusion of exponential attenuation for both uncollided photons and scattered photons, and that of the consideration of secondary radiation buildup allows this single-scatter method to be applied to more complicated skyshine geometries at far field from the source.
Radiation Research Associates (RRA) carried out more extensive Monte Carlo calculations 4) and single-scattered point kernel calculations 5) for obtaining the LBRF data. Those data were implemented the LBRF method in the SKYSHINE series of codes. [6] [7] [8] These response functions were represented using an equation of the
form for a fixed value of energy and emitted angle, where three parameters were determined by a least-squares fitting. The maximum deviation and average errors of the LBRF approximated by this formula from reference data were more than 20% on decreasing the source energy. Small sporadic discontinuities were seen in the fit parameters of the LBRF in SKYSHINE-III. Furthermore, a deficiency was apparent in the extrapolated LBRF related to the energy or the distance, using fitting parameters. 5) Therefore, it was noted 9) that to calculate the LBRF at a neighboring angle or energy given in tables, an approximate LBRF should be obtained by interpolation between the values of the LBRFs at the tabulated angles or energies, and not interpolation of the fit parameters.
The authors 10) have proposed a four-parameter approximation formula, The success of a four-parameter fit in the skyshine LBRF is due to not only the monotonic and slow variation of the photon interaction cross section for air with energy, but also because the distances of one mean free path over a wide energy range are sufficiently longer. This is easy to understand from the fact that Figs. 29 to 34 of Ref. 1 (tissue doses rates in air as a function of the source-detector separation distance) show straight lines having the same slope independently of the source energies and the emitted angles. Therefore, the behavior of LBRF at a distance near the source is well explained by the single-scatter approximation. On the other hand, the multiple-scattered gamma-rays make significant contributions to attenuation of the LBRF at distances far from the source. For low-energy gamma-rays incident on a light material, the Compton scattering is predominant in the total cross section. As the incident energy decreases, the energy loss of gamma-rays due to Compton scattering decreases proportionally, while gamma-rays with back scattering proportionally increase. Consequently, gamma-rays with almost the same energy as the incident ones must undergo repeat multiple scattering before they are absorbed. 11) At a distance sufficiently separated from the source, a peak of the specified material appears in the energy spectrum, for example a peak at around 60 keV for water, 12) because the photoelectric interaction dominates over the Compton scattering. At a distance far from the source, the peak of a specified material begins to cause the attenuation of the LBRF. This behavior causes the attenuation of [ ] x x f / ) ( log to become a linear function.
In this paper, it is clarified that the LBRF at a distance near the source is greatly dependent on single-scattered photons, and that at a distance far from the source, the LBRF is dependent on multiple-scattered photons. These dependencies are reflected on the determination of parameters in the four-parameter formula.
Therefore, the four-parameter formula is shown to well reproduce the LBRF for gamma-rays. Furthermore, each parameter is adjusted to vary monotonically and smoothly with regard to the emitted angle (Φ ) and the logarithm of the source energy ( E ). As a result, to calculate the LBRF at a neighboring angle or energy, given in tables, the approximate LBRF is obtained by interpolation of the fit parameters of the four-parameter empirical formula.
Another useful skyshine response function involves the conical beam response function (CBRF). Gui et al. 13) explained in detail several approximating formulas 6, [11] [12] [13] [14] [15] [16] [17] [18] of the LBRF and the CBRF for neutrons and secondary gamma-rays. However, the neutron energy was limited to 14 MeV in their work. In the present paper, the high-energy CBRF and its fitting parameters using the four-parameter formula are prepared as described below.
The SHINE-III 19) code is now being developed by JAERI (Japan Atomic Energy Research Institute) and KEK (High Energy Accelerator Research Organization) for the J-PARC project: the construction of high-energy accelerators and target facilities. The SHINE-II code 20) using a semi-empirical formula 17) is already available for evaluating the neutron and secondary gamma-ray skyshine doses. However, the CBRF data are limited to 400 MeV. For the SHINE-III code, the energy and distance range of the CBRF calculations 19) have been extended using the NMTC/JAERI97 21) and MCNP4A 22) code systems. In order to accurately reproduce the values of the CBRF at a distance near the source, the four-parameter formula was used in an attempt to fit the CBRF. 19) 
II. Preparation of Reference Data of the LBRF and the CBRF
Before discussing an approximating formula for the LBRF and the CBRF, it is first necessary to obtain reference data (R ) of LBRF at different distances from the source for each beam energy and direction. The necessary reference LBRF data 23) were calculated with the EGS4 code 24) using photon cross sections taken from the PHOTX data library. 25 
III. Physical Meaning of Parameters
A Four-Parameter Empirical Formula for the LBRF
The integral line beam skyshine method is based on the availability of a line beam response function (R(E, Φ, x)), 5, [6] [7] [8] which gives the air kerma(Gy per photon) at distance x from a point source emitting photons of energy E into an infinite air medium at an angle Φ relative to the source-to-detector axis (the air-ground interface is neglected in this case). The LBRF for fixed values of E and Φ can be fit to the following four-parameter empirical formula 10) over a large range of x :
where ρ is the actuary air density in the same units as the reference density,
is a correction factor introduced by Zerby 27) to adjust the dose rate in air at a given reference density ( 0 ρ ) to the corresponding value at the actuary air density (ρ ). E is measured in MeV and x in meters, ℜ is the Gy/(dose response), and the constant (κ ) is equal to 1.308 x 10-11 /MeV/photon. The fit parameters ( a , b , c , and d ) depend on the photon energy and the source emission angle. In the following 0 ρ ρ = is assumed.
Relationship Between Two Parameters ( a and b ) and LBRF Near the Source
The variations of the LBRFs (unit in tissue dose rate) were shown for a specified 
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In the case of x = 1, the LBRF in Eq. (1) is
where c a >> .
The logarithm of ) 1 ( R is given using the value of b in Eq. (2), as follows:
The parameter a is represented from Eq. (3)' as follows:
Now, the values of parameters a and b were determined using Eqs. (5) Table 1 .
Trubey 2) gave the following approximated equation to present the skyshine dose rates with a form of only single-scattering contribution, without any exponential attenuation or buildup factor in air:
Here, N is electron density (cm 3 (Fig.1) . In order to fit to such behavior, an even greater damping factor having new two parameters, c and d , must be added to the single scattering formula. 10) 
Relationship Between Parameters ( c and d ) and LBRF at a Distance Far from the Source
The following damping factor is introduced.
The LBRF,
The function
and the logarithm of the function [ ] 
Approximation of the LBRF by the Four-Parameter Empirical Formula
The above four-parameter empirical formula was fitted to the LBRF calculated by the EGS4. To explicitly separate the principal energy dependence of the response function, the LBRF is approximated as Between the first and third steps, the maximum deviation of parameter a is only 0.74%, but that of b is 6.3%.
Although a simultaneous four-parameter least-squares fit is easy, small sporadic discontinuities were seen in the fit parameters of the LBRF in SKYSHINE-III 8) .
Furthermore, there are cases that the obtained values violate the rules that the values of the parameters a and b represent the behavior of attenuation of the LBRF at a distance near the source, and those of parameters c and d represent the behavior of attenuation of the LBRF at a distance far from the source. As a result, the four parameters obtained by the former method do not give a close agreement between the approximate LBRF and the calculated LBRF data for a large emitted angle and for source energies above 10 MeV.
As an example, the values of the four-parameter for a source energy of 1 MeV are listed in Table 2 , where columns 6 and 7 give the root-mean-square deviation. Here, the fitting range of the LBRF is limited to the distance within which the statistical error of the EGS4 calculation does not go over 10%. With the three step fit procedure, the approximate formula reproduced the reference LBRF of 10 MeV calculated by the EGS4 as well as LBRFs for a few MeV.
IV. Relationships of Four Parameters with Emitted Angle and Source
Energy
The values of the four parameters for a specified source energy were determined following the process mentioned in section III. 4 . The values of each parameter are plotted as a function of the emitted angle in Fig. 3 . The maximum deviation from all LBRFs is almost within 10%.
Relationship between Parameter a and the Emitted Angle
The value of parameter a is determined by Eq. ( 
Relationship Between Parameter b and the Emitted Angle
The value of parameter b is determined by Eq. In the cases of a large emitted angle, the energy of a single scattered photon becomes lower even for a higher source energy, and multiple-scattered gamma-rays make significant contributions to the attenuation of the LBRF at distances far from the source. For low-energy gamma-rays incident on a light material, the Compton scattering is predominant in the total cross section. As the incident energy decreases, the energy loss of gamma-rays due to the Compton scattering decreases proportionally, while gamma-rays with back scattering proportionally increase. Consequently, gamma-rays with almost the same energy as the incident ones must undergo repeat multiple scattering before they are absorbed. 12) At a distance sufficiently separated from the source, the peak of a specified material appears in the energy spectrum; as an example, a peak appears at around 60 keV for water 12) , because the photoelectric interaction dominates over the Compton scattering. At a distance far from the source, the peak of a specified material begins to cause the attenuation of the LBRF. This The present values of the four parameter were chosen so as to reflect the behaviors of the attenuation of the LBRF at a distance near the source and far from it, to adjust the maximum fractional deviation as small as possible, and to give smoothness regarding the emitted angle and the source energy.
The approximate LBRF is obtained by interpolation of the fit parameters.
Fitting to the CBRF Data for Neutron Source Energy and Secondary Gamma-Ray by the Four-Parameter Formula
There is the following relation between the emitted angle (Φ and the polar angle (θ ):
, cos sin cos φ θ • = Φ (11) where θ the vertical axis and φ is the azimuthal angle measured from the source-detector axis.
The physical meanings of the parameters in the four-parameter formula are explained for a specified emitted angle (Φ . A fixed θ sin corresponds to various Φ and φ restricted by Eq. (11) . That is, CBRF ) ,
within the boundary satisfied by Eq. (11) . Therefore, the behavior of the CBRF attenuation can not be treated with a clear method, such as that for the LBRF. However, the CBRF as a function of θ varies more gently than the LBRF as a function of Φ . At first, the CBRFs data were fitted to an exponential formula, 17) 
, where Q and λ are fitting parameters dependent on the energy and emission angle of the neutron beam, and r is the distance from the source in meters. Because this formula uses only two parameters, the approximated CBRF for a 400MeV neutron source causes overestimations at distances shorter than 100 m for neutrons and 200 m for gamma-rays. This distance tends to be longer when the incident neutron energy becomes higher. In the case of a 3-GeV neutron source, the limiting distance becomes 250 m for neutrons and 400 m for gamma-rays. 19) In order to accurately reproduce the values of the CBRF at a distance near the source, a trial should be made as to whether the CBRF approximated by the four-parameter formula accurately reproduces the reference CBRF.
Thus, the four-parameter formula was applied to approximate the CBRFs for The maximum deviations are within 17% for neutrons and within 12% for secondary gamma-rays for a neutron source energy above 1 MeV. However, the maximum fractional deviations are about 27% for secondary gamma-rays with the neutron source energy below 0.1 MeV. As a result, the calculated neutron and secondary gamma-ray dose distributions are better fitted to the four-parameter formula t han the two-parameter formula,
, including the distance near the source. The calculation of the CBRFs for neutrons and secondary gamma-rays can be accurately approximated by interpolation of the fitting parameter at an arbitrary distance and emitted cosine angle.
V. Conclusions
The calculations of the LBRFs for gamma-rays in skyshine analyses could be accurately approximated by the four-parameter empirical formula at an arbitrary distance, emitted angle, and energy. Physical meanings of the two parameters, a and b , in the four-parameter formula approximating the skyshine response function were established. That is, the parameter a always well reflected the values of LBRF The calculated CBRFs for neutrons and secondary gamma-rays were better fit to the four-parameter empirical formula than the two-parameter empirical formula, 17) especially for distances near the source. Then, the CBRF could be accurately approximated by an interpolation of the fit parameters at an arbitrary distance and emitted cosine angle.
The values of the four parameters for gamma-ray LBRFs will be published soon by the High Energy Accelerator Research Organization and those for neutron and secondary gamma-ray CBRFs will be published by the Japan Atomic Energy Research Institute. 
